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ABSTRACT 
In this work, the quantum-mechanical properties of the strongly non-linear quantum oscillator described by the Pöschl-
Teller [PT] model is examined. This model has a relation with two well-known models, the free particle [FP] in a box 
and the harmonic oscillator [HO], as described in our previous works [1–3]. Using the [PT] model, a quantum-
mechanical analog of the Joule-Brayton [JB] cycle and Otto cycle have been constructed through changes of both, the 
width of the well and its the quantum state. The efficiency of quantum engines based on the Pöschl-Teller-like potential 
is derived, which is analogous to classical thermodynamic engines. 
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1. INTRODUCTION 
Heat engines have been a subject of interest and intense research since the eighteenth century due to their 
practical applications. Of recent, diverse efforts have been made to understand the working mechanism of 
heat engines [4–7] which has led to the introduction of several Quantum analogues  [8–11]. Some 
experiments have led to the miniaturization of thermal engines down to microscale [12–16], where the 
working engine is a quantum system which can be termed technically as Quantum heat engines [QHE]. 
This field considers analogies between quantum systems and macroscopic engines, with an example in the 
proposed model by Bender et al [17] of a cyclic engine based on a single quantum mechanical particle of 
mass m confined in an infinite one-dimensional potential well of width 𝐿 (free particle [FP] in the box). 
This model replaces the role of piston in a cylinder and temperature in classical thermodynamics to the 
walls of the confining potential and energy as given by the pure-state expectation value of the Hamiltonian 
in Quantum thermodynamics respectively. 
Following the formulation of Bender et.al. [17], we replace the concept of temperature with the expectation 
value of the Hamiltonian, that is, the ensemble average of the energies of the quantum particle. We also 
replace the classical thermodynamic idea of a large number of gas molecules trapped in a volume by an 
infinite number of copies of a quantum particle trapped in a potential well. Thus, what in a classical system 
is described as “an ensemble in contact with a heat bath where the walls of the potential move”, here implies 
keeping the quantum ensemble, by some unspecified physical means, with a constant expectation value of 
the Hamiltonian while the classical parameter that describes the potential width moves.  
In this paper, we introduced the Pöschl-Teller [PT] model, where a single quantum-mechanical particle is 
confined in the Pöschl-Teller oscillator [PTO]. This model introduced a family of anharmonic 
[PT] − Potentials 𝑉(𝑥) that allows the exact solutions of the one-dimensional Schrödinger equation in the 
coordinate, or x-representation [18,19]. The exact solution in simple term is the combination of both the 
Bloch’s harmonic oscillator [HO], which unconfined in space and the quasi-free particle [FP] in the box 
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with impenetrable hard walls where 𝜆(𝐿) ≫ 1 𝑎𝑛𝑑 0 respectively [1,20]. This implies that   when 𝜆(𝐿) ≫
1 the harmonic term dominates, while when 𝜆(𝐿) = 0 the particle-in-the-box term remains. 
𝑉(𝑥; 𝐿) = −𝑉(𝑥; 𝐿) = 𝑉0𝑡𝑔
2[𝛼(𝐿)𝑥];  𝛼(𝐿) = 𝜋 𝐿⁄     (1) 
At 𝑥 = ±𝐿 the potential becomes singular, which physically means the presence of a pair of impenetrable 
walls. The Pöschl-Teller [PT] model allows the introduction of pressure operator ?̂?(?̂?,  ?̂?,  𝐿), which 
according to Hellmann and Feynman [21,22] is connected with the energy operator or the Hamiltonian 
?̂?(𝑥, ?̂?,  𝐿) = (?̂?2 2𝑚⁄ ) + ?̂?(?̂?; 𝐿) by the formal relation: ?̂?(𝑥, ?̂?,  𝐿) = −(𝜕 𝜕𝐿⁄ )𝐻(𝑥, ?̂?,  𝐿), where the 
relation between the pressure ?̂? and energy ?̂? operator is defined as: 
?̂?𝑛(𝐿 ) = −
𝜕?̂?𝑛
𝜕𝐿
       (2) 
This implies that the Hamiltonian ?̂? depends parametrically on 𝐿, therefore, it’s some form of Born-
Oppenheimer approximation where the degree of freedom 𝐿 is treated semi-classically [23,24]. 
The potential (1) leads to an exact solution of the Schrodinger equation with fully discrete positive energy 
levels 𝐸𝑛(𝐿) > 0 (including the ground level 𝐸1(𝐿) ) [1,20]:  
 
𝐸𝑛
𝑃𝑇(𝐿) = 𝑊(𝐿)[𝑛2 + 𝜆(𝐿)(2𝑛 + 1)]    (3) 
Where; 𝑊(𝐿) = 𝜋2ℏ2 2𝑚𝐿2⁄   and 𝜆(𝐿)   =   [(2 (𝜋𝜁(𝐿))2⁄ + 1]1 2⁄ − 1 as defined in [1].  
 
Since the pressure operator  𝑃𝑛(𝐿)  = (𝑠 𝐿⁄ )𝐸𝑛(𝐿) , where 𝑠 = 2  therefore; 
 
𝑃𝑛
𝑃𝑇(𝐿) =
2𝑊(𝐿)
𝐿
[𝑛2 + 2𝜆(𝐿)(𝑛 + ½){1 − 𝜇(𝐿)}]    (4) 
 
Where; 𝜇(𝐿) = 1 − [𝜆(𝐿) − 1][2𝜆(𝐿) − 1]−1. 
 
2. THE JOULE – BRAYTON CYCLE. 
The classical Joule-Brayton cycle is composed of two isobaric and two adiabatic processes (see Fig.1) each 
of which is reversible.  
During the isobaric process, the pressure remains constant even when the system is compressed or expanded 
(i.e the rate of change of energy with respect to the change in width 𝐿 of the well is constant). The energy 
value as a function of 𝐿 may be written as:  
𝐸(𝐿) = ∑ |𝑎𝑛|
2𝐸𝑛
∞
𝑛=1       (5) 
where 𝐸𝑛 is the energy spectrum (3) and the coefficients |𝑎𝑛|
2 are constrained by the normalization 
condition ∑ |𝑎𝑛|
2 = 1.∞𝑛=1  In the quantum mechanical case, if we assume that the system at the initial state 
𝜓𝑛(𝑥) of volume 𝐿 is a linear combination of eigenstates 𝜙𝑛(𝑥), the expectation value of the Hamiltonian 
changes with respect to the change in width 𝐿 of the well, then the instantaneous pressure exerted on the 
walls can be obtained using the relation (2). 
Process 1: Isobaric Expansion 
Given that the system expands isobarically from its initial state 𝑛 = 1 at point 1 (i.e. from 𝐿 = 𝐿1 to 𝐿 = 𝐿2) 
and is excited into the second state 𝑛 = 2, keeping the expectation value of the Hamiltonian constant. Thus, 
the state of the system is a linear combination of its two energy eigenstates, 
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𝛹𝑛 = 𝑎1(𝐿)𝜙1(𝑥) + 𝑎2(𝐿)𝜙2(𝑥), 
where 𝜙1 and 𝜙2 are the wave functions of the first and second states respectively. The coefficients satisfy 
the condition |𝑎1|
2 + |𝑎2|
2 = 1. The expectation value of the Hamiltonian in this state as a function of 𝐿 is 
calculated as 𝐸  =   ⟨𝜓|𝐻|𝜓⟩: 
𝐸 = 𝑊(𝐿)[4 + 5𝜆(𝐿) − (3 + 2𝜆(𝐿))|𝑎1|
2],    (6) 
The pressure during this process remains constant and its value is given in terms of its definition (2): 
𝑃 = −
ⅆ𝐸
ⅆ𝐿
=
2𝑊(𝐿)
𝐿
[4 + 5𝜆(𝐿){1 − 𝜇(𝐿)} − (3 + 2𝜆(𝐿){1 − 𝜇(𝐿)})|𝑎1|
2] (7) 
The pressure at point 1 as a function of 𝐿1 is  
𝑃𝐴 = 𝑃1
𝑃𝑇 =
2𝑊(𝐿)
𝐿1
;     (8) 
equating (7) and (8) one can conclude  
𝐿 = 𝐿1[4 + 5𝜆(𝐿){1 − 𝜇(𝐿)} − (3 + 2𝜆(𝐿){1 − 𝜇(𝐿)})|𝑎1|
2] 
Thus, the maximum possible value of L during this isothermal expansion is 𝐿 = 𝐿2, since 𝑎1 = 0 at (point 
2): Therefore 𝐿 = 𝐿1[4 + 5𝜆(𝐿){1 − 𝜇(𝐿)}], 
𝐿 = 𝐿1[4 + 5𝜆(𝐿){1 − 𝜇(𝐿)}] = 𝐿2 
By combining (6) and (7), we observe the energy 𝐸 as a function of 𝐿 to be  
𝐸 =
𝑊(𝐿)𝐿
𝐿1
,      (9) 
or 
𝐸
𝐿
=
𝑊(𝐿)
𝐿1
=  𝑐𝑜𝑛𝑠𝑡, which is analogue to isobaric equation. 
Process 2: Adiabatic Expansion 
Next, the system expands adiabatically from 𝐿 = 𝐿2 until 𝐿 = 𝐿3. During this expansion, the system 
remains in the second state 𝑛  =  2 as no external energy comes into the system and the change in the 
internal energy equals to the work performed by the walls of the well. The expectation value of the 
Hamiltonian is:  
𝐸 =
𝜋2ℏ2
2𝑚𝐿2
[4 + 5𝜆(𝐿)] 
the pressure is given by:  
𝑃2 =
2𝑊(𝐿)
𝐿
[4 + 5𝜆(𝐿){1 − 𝜇(𝐿)}]    (10) 
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The product 𝐿𝑃2(𝐿) in (10) is a constant what is considered as the quantum analogue of the classical 
adiabatic process.  
Process 3: Isobaric Compression 
The system is in the second state 𝑛  =  2 at point 3 (i.e. from 𝐿  =   𝐿3 until 𝐿  =   𝐿4), and it compresses 
isobarically. The system is compressed back to the initial state 𝑛 = 1 as the expectation value of the 
Hamiltonian remains constant. Thus, the state of the system is a linear combination of its two energy 
eigenstates.  
𝛹𝑛 = 𝑏1(𝐿)𝜙1(𝑥) + 𝑏2(𝐿)𝜙2(𝑥) 
The expectation value of the Hamiltonian in this state as a function of L is calculated by means of 𝐸  =
 ⟨𝜓|𝐻|𝜓⟩, which result in  
𝐸(𝐿) = 𝑊(𝐿)[1 + 3𝜆(𝐿) + (3 + 2𝜆(𝐿))|𝑏2|
2]     (11) 
The pressure during this process remains constant and its value is given as  
𝑃 = −
ⅆ𝐸
ⅆ𝐿
=
2𝑊(𝐿)
𝐿
[1 + 3𝜆(𝐿){1 − 𝜇(𝐿)} + (3 + 2𝜆(𝐿){1 − 𝜇(𝐿)})|𝑏2|
2] (12) 
The pressure at point 3 as a function of 𝐿3 is:  
𝑃𝐵 = 𝑃2
𝑃𝑇 =
4𝑊(𝐿)
𝐿3
     (13) 
Equating (12) and (13) we can conclude 
4
𝐿3
=
2[1 + 3𝜆(𝐿){1 − 𝜇(𝐿)} + (3 + 2𝜆(𝐿){1 − 𝜇(𝐿)})|𝑏2|
2]
𝐿
 
therefore:  
𝐿 = 𝐿3 [
1 + 3𝜆(𝐿){1 − 𝜇(𝐿)} + (3 + 2𝜆(𝐿){1 − 𝜇(𝐿)})|𝑏2|
2
2
] 
Thus, the maximum possible value of L in this isothermal expansion is 𝐿 = 𝐿4:  
𝐿 = 𝐿3 [
1+3𝜆(𝐿){1−𝜇(𝐿)}
2
] = 𝐿4     (14) 
and this is achieved when 𝑏2 = 0 at (point 4). By combining (11) and (12), we observe the energy 𝐸 as a 
function of 𝐿 to be:  
𝐸 =
2𝑊(𝐿)
𝐿3
.       (15) 
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Process 4: Adiabatic Compression 
The system returns in the initial state 𝑛 = 1 at point 4 (i.e. from 𝐿 = 𝐿4 until 𝐿 = 𝐿1), as it compresses 
adiabatically. The expectation of the Hamiltonian is given by  
𝐸 = 𝑊(𝐿)[1 + 3𝜆(𝐿)] and the pressure applied to the potential well’s wall is: 
𝑃4(𝐿) =
2𝑊(𝐿)
𝐿
[1 + 3𝜆(𝐿){1 − 𝜇(𝐿)}]     (16) 
The work 𝑅 performed by the quantum heat engine during one closed cycle, along the four processes 
described above is the area of the closed loops represented in the Fig.1. By using eqs. (8), (10), (13) and 
(16) one obtains 
𝑅  =   𝑅12 + 𝑅23 + 𝑅34 + 𝑅41 
𝑅 = ∫ 𝑃𝐴𝑑𝐿 +
𝐿2
𝐿1
∫ 𝑃2(𝐿)𝑑𝐿 +
𝐿3
𝐿2
∫ 𝑃𝐵𝑑𝐿 +
𝐿4
𝐿3
∫ 𝑃4(𝐿)𝑑𝐿
𝐿1
𝐿4
 
𝑅 = ∫
2𝑊(𝐿)
𝐿1
𝑑𝐿
𝐿1[4+5𝜆(𝐿){1−𝜇(𝐿)}]
𝐿1
+ ∫
2𝑊(𝐿)
𝐿
[4 + 5𝜆(𝐿){1 − 𝜇(𝐿)}]𝑑𝐿
𝐿3
𝐿1[4+5𝜆(𝐿){1−𝜇(𝐿)}]
+ ∫
4𝑊(𝐿)
𝐿3
𝑑𝐿
𝐿3[1+3𝜆(𝐿){1−𝜇(𝐿)} 2⁄ ]
𝐿3
+ ∫
2𝑊(𝐿)
𝐿
[1 + 3𝜆(𝐿){1 − 𝜇(𝐿)}]𝑑𝐿
𝐿1
𝐿3[1+3𝜆(𝐿){1−𝜇(𝐿)} 2⁄ ]
 
𝑅 = 𝑃𝐴𝐿1[3 + 5𝜆(𝐿){1 − 𝜇(𝐿)}] + [
2𝑊(𝐿)
𝐿3
[4 + 5𝜆(𝐿){1 − 𝜇(𝐿)}] −
𝑊(𝐿)
𝐿1
] + 𝑃𝐵𝐿3 [
3𝜆(𝐿){1−𝜇(𝐿)}−1
2
] +
[
2𝑊(𝐿)
𝐿1
[1 + 3𝜆(𝐿){1 − 𝜇(𝐿)}] −
4𝑊(𝐿)
𝐿3
]        (17) 
where  𝑃𝐴 and 𝑃𝐵 are as given in (8) and (13). The heat input 𝑄𝐻 along the first isobaric process (1→2) is 
the sum of the work performed 𝑅12 and the change in the internal energy ∆𝐸12 along the isobaric process 
i.e. 𝑄𝐻 = 𝑅12 + ∆𝐸12. The change in internal energy ∆𝐸12 can be derived from (9),  
∆𝐸12 = ∫
ⅆ𝐸(𝐿)
ⅆ𝐿
𝑑𝐿
𝐿1[4+5𝜆(𝐿){1−𝜇(𝐿)}]
𝐿1
=
1
2
𝑃𝐴𝐿1[3 + 5𝜆(𝐿){1 − 𝜇(𝐿)}]  (18) 
where we used (6), and the work 𝑅12 is given by the first term of the right of (17). Thus, the heat input 
|𝑄𝐻| can be expressed as:  
𝑄𝐻 =
3
2
𝑃𝐴𝐿1[3 + 5𝜆(𝐿){1 − 𝜇(𝐿)}]    (19) 
Finally, the efficiency of the closed cycle is defined as: 
𝜂 =
𝑅
𝑄𝐻
 ,     (20) 
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where 𝑅 is the work and 𝑄𝐻 is the heat input given in the (15) and (19) respectively.  
𝜂 = 1 −
𝑃𝐵
𝑃𝐴
[
1
[4+5𝜆(𝐿){1−𝜇(𝐿)}]⅓
𝐿3
𝐿1
]    (21) 
If we take the quotient between the pressures given by the (8) and (13), we obtain 
𝐿3
𝐿1
=
[
1
[(4−5𝜆(𝐿))
⅓
−3𝜆(𝐿)−1]
]
⅓
(
𝑃𝐴
𝑃𝐵
)
⅓
. Using this relation in (21) and defining the ratio 𝑅𝑃 = 𝑃𝐴/𝑃𝐵, the efficiency 
can be written as:  
𝜂 = 1 −
1
𝑅2 3⁄
.      (22) 
Note that this efficiency is analogous to that of a classical Joule-Brayton cycle [25]. 
3. THE OTTO CYCLE 
The classical Otto cycle is composed of two isochoric and two adiabatic processes a reversible cycle process 
as shown in Fig.2 each of which is reversible. 
The isochoric process is one in which the volume of the potential well is constant. During this process the 
system can increase or diminish its energy and the force exerted on the walls also changes according with 
the energy pumping by an external source. 
THE 
Step 1: Isochoric Expansion 
Given that the system is in the initial state 𝑛 = 1 at point 1 (i.e. 𝑃 = 𝑃1), and it expands isochorically (i.e 
𝐿 is constant (𝐿1 = 𝐿2)). It's excited into the second state 𝑛 = 2 at point 2 (i.e 𝑃 = 𝑃2) as the expectation 
value of the Hamiltonian is kept constant. the state of the system is a linear combination of its two energy 
eigenstates, 
𝛹𝑛 = 𝑎1(𝐿)𝜙1(𝑥) + 𝑎2(𝐿)𝜙2(𝑥), 
where 𝜙1 and 𝜙2 are the wave functions of the first and second states respectively. The coefficients satisfy 
the condition |𝑎1|
2 + |𝑎2|
2 = 1. The expectation value of the Hamiltonian in this state as a function of 𝐿 is 
calculated as 𝐸  =   ⟨𝜓|𝐻|𝜓⟩: 
𝐸 = 𝑊(𝐿)[4 + 5𝜆(𝐿) − (3 + 2𝜆(𝐿))|𝑎1|
2],    (23) 
The pressure during this process remains constant and its value is given in terms of definition (2): 
From the values of pressure in (2) we can express the length L as: 
 𝐿3 =
2𝑊(𝐿)
𝑃
[4 + 5𝜆(𝐿){1 − 𝜇(𝐿)} − (3 + 2𝜆(𝐿){1 − 𝜇(𝐿)})|𝑎1|
2],  (24) 
The length at point 1: 
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𝐿1 =
2𝑊(𝐿)
𝑃1
,      (25) 
Equating (23) and (24) we can conclude:  
𝑃 = 𝑃1[4 + 5𝜆(𝐿){1 − 𝜇(𝐿)} − (3 + 2𝜆(𝐿){1 − 𝜇(𝐿)})|𝑎1|
2]   (26) 
Thus, the maximum possible value of 𝑃 in this isochoric expansion is 𝑃 = 𝑃2:  
𝑃  =   𝑃1[4 + 5𝜆(𝐿){1 − 𝜇(𝐿)}]   =   𝑃2    (27) 
and this is achieved when |𝑎1|
2 = 0 at point 2. By combining Equation (2) and (27), we find that the energy 
𝐸 can be written as:  
𝐸 =
𝑊(𝐿)
2
𝑃
𝑃1
,      (28) 
so that the relation 
𝐸
𝑃
=
2𝑊(𝐿)
2𝑃1
  stays constant which is analogous to classical isochoric situation. 
Step 2: Adiabatic Expansion 
Next, the system expands adiabatically from 𝐿  =   𝐿2 until 𝐿  =   𝐿3. During this expansion, the system 
remains in the second state 𝑛  =  2 as no external energy comes into the system and the change in the 
internal energy equals to the work performed by the walls of the well. The expectation value of the 
Hamiltonian is: 
𝐸(𝐿) = 𝐸2
𝑃𝑇 = 𝑊(𝐿)[4 + 5𝜆(𝐿)]    (29) 
and the pressure is given by: 
𝑃2 =
2𝑊(𝐿)
𝐿
[4 + 5𝜆(𝐿){1 − 𝜇(𝐿)}]    (30) 
The product 𝐿3𝑃2(𝐿) in (30) is a constant what may be considered as the quantum analogue of the classical 
adiabatic process. 
Step 3: Isochoric Compression 
The system is in the second state 𝑛  =  2 at point 3 (i.e. 𝑃 = 𝑃3), and it compresses isochorically i. e. 𝐿3 =
𝐿4. The system is compressed back to the initial state 𝑛  =  1 at point 4 (i.e. 𝑃  =   𝑃4). During this 
compression energy is being extracted so that the expectation value of the Hamiltonian remains constant. 
Thus, the state of the system is a linear combination of its two energy eigenstates.  
𝛹𝑛 = 𝑏1(𝐿)𝜙1(𝑥) + 𝑏2(𝐿)𝜙2(𝑥) 
The expectation value of the Hamiltonian in this state as a function of L is calculated by means of 𝐸 =
⟨𝜓|𝐻|𝜓⟩, which result in  
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𝐸(𝐿) = 𝑊(𝐿)[1 + 3𝜆(𝐿) + (3 + 2𝜆(𝐿))|𝑏2|
2]    (31) 
The pressure during this process remains constant and its value is given as:  
𝑃 = −
ⅆ𝐸
ⅆ𝐿
=
2𝑊(𝐿)
𝐿
[1 + 3𝜆(𝐿){1 − 𝜇(𝐿)} + (3 + 2𝜆(𝐿){1 − 𝜇(𝐿)})|𝑏2|
2] (32) 
Therefore, we can express the length 𝐿 as:  
𝐿 =
2𝑊(𝐿)
𝑃
[1 + 3𝜆(𝐿){1 − 𝜇(𝐿)} + (3 + 2𝜆(𝐿){1 − 𝜇(𝐿)})|𝑏2|
2]  (33) 
The length at point 3: 
𝐿3 =
2𝑊(𝐿)
𝑃3
      (34) 
Equating (32) and (33) we may conclude that: 
𝑃 =  𝑃3[1 + 3𝜆(𝐿){1 − 𝜇(𝐿)} + (3 + 2𝜆(𝐿){1 − 𝜇(𝐿)})|𝑏2|
2]   (35) 
Thus, the maximum possible value of 𝑃 in this isochoric expansion is 𝑃 =  𝑃4: 
𝑃 =  𝑃3[1 + 3𝜆(𝐿){1 − 𝜇(𝐿)}] = 𝑃4     (36) 
and this is achieved when 𝑏2 = 0 at (point 2). By combining Equation (32) and (36), we find the energy 𝐸 
can be written as: 
𝐸 = 2𝑊(𝐿)
𝑃
𝑃3
;      (37) 
this expression implies that 
𝐸
𝑃
=
2𝑊(𝐿)
𝑃3
 is constant in analogy with the classic isochoric equation. 
Step 4: Adiabatic Compression 
The system returns to the initial state 𝑛 = 1 at point 4 (i. e. , from 𝐿 = 𝐿4 until 𝐿 = 𝐿1), as it compresses 
adiabatically. During this compression, the expectation of the Hamiltonian is given by: 
𝐸 = 𝑊(𝐿)[1 + 3𝜆(𝐿)],     (38) 
whereas the pressure applied to the potential well's wall is: 
                                       𝑃4 =
2𝑊(𝐿)
𝐿
[1 + 3𝜆(𝐿){1 − 𝜇(𝐿)}].    (39) 
The work 𝑊 performed by the quantum heat engine during one closed cycle, along the four steps described 
above is the area of the closed loops represented in the Fig. (2). can be related to the heat exchange as: 
𝑅 = |𝑄𝐻| − |𝑄𝐶|     (40) 
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where |𝑄𝐻| and |𝑄𝐶| are the heat input and output during the process 1 →  2 and 3 →  4 , respectively. 
This quantity can be calculated by using (34) and (40), 
|𝑄𝐻| = ∆𝐸12 = ∫
ⅆ𝐸
ⅆ𝑃
𝑑𝑃
𝑃1[4+5𝜆(𝐿){1−𝜇(𝐿)}]
𝑃1
=
𝑊(𝐿)
2
[3 + 5𝜆(𝐿){1 − 𝜇(𝐿)}]   (41) 
and 
|𝑄𝐶| = ∆𝐸34 = ∫
ⅆ𝐸
ⅆ𝑃
𝑑𝑃
𝑃3[1+3𝜆(𝐿){1−𝜇(𝐿)}]
𝑃3
= −2𝑊(𝐿)[1 − 3𝜆(𝐿){1 − 𝜇(𝐿)}]  (42) 
Finally, the efficiency of the closed cycle is defined as: 
𝜂 = 1 −
|𝑄𝑐|
|𝑄𝐻|
 
𝜂 = 1 −
𝐿1
2
𝐿3
2 [
[3𝜆(𝐿){1 − 𝜇(𝐿)} − 3]
[5𝜆(𝐿){1 − 𝜇(𝐿)} − 3]
] 
we have introduced the compression ratio, 𝑅𝐿 = 𝐿3 ∕ 𝐿1. This result is the analogue to the efficiency of the 
classical Otto's cycle. 
𝜂 = 1 −
1
𝑅𝐿
[
[3𝜆(𝐿){1−𝜇(𝐿)}−3]
[5𝜆(𝐿){1−𝜇(𝐿)}−3]
]     (43) 
 
4. OUR RESULT 
From the efficiency of quantum Joule-Brayton and Otto cycle which was derived using the Pöschl-Teller 
[PT] Model in (21) and (43) respectively, it’s necessary to compare our results with earlier work of 
L.Guzmán-Vargas et al [25] that implemented the free particle [FP] in the box model where value of 𝜆(𝐿) 
as stated in [1] must be 1 (i.e. 𝜆(𝐿) = 1) therefore the efficiency is: 
𝜂 = 1 −
1
4⅓
𝑃𝐵
𝑃𝐴
𝐿3
𝐿1
      (44) 
and 
𝜂 = 1 −
1
𝑅𝐿
       (46) 
This is remarkable, because the result of the efficiency when 𝜆(𝐿) = 1 is exactly the same as in [25] which 
is analogous to classical Joule-Brayton and Otto cycle. 
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5. CONCLUSION 
This work was motivated by the consideration of the quantum-mechanical properties of the strongly non-
linear quantum oscillator in Pöschl-Teller [PT] model, where the dynamic properties of our model in Joule-
Brayton [JB] and Otto cycles are explored. This was implemented by using the [PT] model to analyze cycles 
of quantum engines such that the derived equations are analogous to classical isobaric and isochoric 
processes in Joule-Brayton [J-B] and Otto cycles respectively.  
The results obtained here are intended largely for future statistical-mechanical and thermodynamic 
calculations. We hope to further to explore its thermodynamic applications. 
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Figure 1: the schematic representation of the Joule-Brayton’s cycle. 
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Figure 2: the schematic representation of the Otto’s cycle 
 
